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'TEGHNICAL MEMORANDUM NO, 1195

ON THE SOUND FIEID OF A ROTATING PROPEIIER*
:By L. Gutin -

The sound fleld of a rotating propeller is treated theoretically
on the bagls of aerodynamic .principles. For the lower harmonics,
the directional characteristics and the radiated sound energy are
determined and are in conformity with existing experimental resulta.

© 1, INTRODUCTION

A rotating propeller produces periodic-dlsturbances of the
medium which cause a sound of low frequency, The fundamental tons of
this sound equgls the product of the number of blades and the number
of revolutions per unit time, since each .spatial.configuration of
the propeller is repeated with exactly the same frequency. .The -
present work aims at a thaoretical investigation of the socund field
produced by the propeller. First-a short report on earller investiga—
tions in this field will be given,

The directional properties of progeller gound were first investi-
gated theoretically by Lynam and Webb.t~ They suggested two hypotheses
on the acoustic action of the propeller. Both hypotheses vere based on

actnally arbitrary assumptions and led to directional characteristics
scf'. figs. 1 end 2)-vhich are not in agreement with the observed ones
cf. figs. 3 and 4).

Hart? attémpted to develop a theory vhich wvas supposed to be free
of arbitrary assumptions; hovever, he tacitly mede the same assumption
as Iynam and Webb in their second hypothesis: namely, that each

*"her das Schallfeld einer rotierenden qutschraube. Physikaliseha
Zeitschrift der Sovjetunion, Band 9, Heft 1, 1936, pp. 57-T1.

- lhynam E, J. and Webb, H, A.,¢ The Emission of Sound by Airscrewa,
R. & M, No. 62h 1919. (The theories of Iynam and Vebd are knovn to us
only through the treoatment of Paris and Kemn since 'l:he original report
was unfortuna:t.ely not eccessible.}

— - - -

"23&::"&, M, D.: ‘The Aeroplane as a Source of Sound, R. & M. No. 131q,
1929,
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disturbed element in the propeller plzme a.cts as a. simple nondirectional
source ; a.coordingly, he obtained. ‘t:he same resul'b.

Experimental inves'bigations were mdertamn by J?aris and Kemp v
Both eXperimented. with a two-blade propeller; its dlameter was
L.5 moters, the mumber of revolwiions 13.9 per second. It is true
that & noticeable discrepancy exlsts between their results in quantitative
respecty essentially, however, they agree. Both directional. cha.ra.c'ber-
istics shov an , asymmetry with, reepec'b %o the -rotational plane,
princiga.l maximum at.ghout .8 = 115° ;, apd & secondary maximm at
3 = 40°,. This pecnlia.r ‘asgymmetry. contradicts both hypotheses by
Lynam a.nd. Webb.

Parls obtained, by & combination of the two hypothesmes, e
directional characteristic (ef. fig. 6) which reproduces the main
outlines of the experimental. curves; however, his method lacks
physical found.a.‘cion, e.nd. 'bhe num!:er of a.:cbi'bra.rv a.ss'mptions is too
large. T .

‘I‘he hypoth'esés mentiona'gi above did nct yield. any ini‘ormation on
the sound output of the propeller; This problem was experimentally
examined by Kemp. Ho obitained -the valuss 17.8 watts for the first
harmonic and 7.l watts for the second. . o

In the following, & theory based on a.erod.yna.mic principles sha.ll
be developed, which determines qmntitat:tvely 'tha gound field of a -
propeller. i

2. SOME AERODYNAMIC RESULTS

A few facts concerning the actlon of the propeller, which are
known from a,erod.ynaanice s aha.].l"be briefly quoted..

The crosa section of a propellor blade looks very sim:llar to
thet of a wing (of; £ig. 7); the aption of the propeller is based on
this fact. Motlon of & wing elemen’c relative to the ‘medium causes,
oxactly as for a wing, a pressure incressd On the concave side and

Pal‘is, Er T-, thl M&a v-pl. ‘13’ nO 99’ 1932’ !.'.‘ e o

zet

“Xelip, 'S’ F., Proo. Physica.l Soft (London}, FoLuk, vt 2, b 151

STn the report by Kemp values half as la.rge a8 these axe glven
%y mistake, Compare Paris; E. T., PHiL{ MEE!'vol. 16; nd: 60, 1933.

€ Compare with this peragraph Mlges, R. V.: The Theory of Flight,
. 116"1210
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a pressgure decreass Ort the convex sids’ - The resultan‘b ‘&1 force may
be ‘separated intc-iwo componsnts. of “wkidh one hes the direction of
the propeller. axis and :indeed is & thrust in the direction of ‘the .
forward. motion;the. ather.ons is oppesed. %o %he rota.tion and represen‘bs
a dvag force. - The thrust. forces.of: single élerents add up to the
total, thrust force of the propelley, -the drag .;orces result in a
-terque o;pposed. to 'hhe torqué of the mo-bor. ;?' :

A few. 1m'por'bant qua.nti’cative results which w:lll ‘be used subsequen'bly
are derived from the so- -celled momentum theoiry of the propeller. ; The
propeller is assumed to be at rest and the air moving towards it from
the front, opvosed to the flight dirsction, with the veloclity V. The
“effect of the ‘propellsr’ then consists “in an’acceledation; of the, .
epproaching mass of, eir which’ Pinally a.sstmes &% a sertain dis‘b&nce '
behind the- proneller the velocitv V +'w. iet p e the density of
the modfum, P the magnitude of ths thrust force, S 'the svea ', . -
dsadribed by the propeller, - W~ the power gupplied to the propeller, . Wn
the part of the power converted into tranela’c.:.onql ONOTEY « ‘I‘hen the

following relations hold:
P = pS éf + -)

”SQ%)

By eliminating w from both eq_uations one obtains an expression
for the dependencs of “the thrust on theé: power. I‘or statlic conditions -

(v = 0) there results:
3 2 A TR
P= 7/ 20SWen" L (L)
The obvicus relation P I

o

. ,; B (2).

&

shall be Jnentionec‘.. “(M = torque of 'bhe mo'bor, 3 oy a.hgular veloo;!.’cy
of ‘the rotations) - . .- : e ,

-

s
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3. DISTURBANCE FORGES IV THE PROPEILER PLANE

Tio forces act.on each element. of the propeller. a thrust and
a drag forces From the well-known ‘theorem of mechanics, it follows
that each olement -exerts forces of equal megnitude and in the '
op;posits direction upon the medivm, " The pointe of application of these
forces may be imagined concentrated in one plane since the exial
dimensiong. of the propeller are very small .in comparison with the
wave lengths of the first harmonics, this plane is subseguently d.enoted
&s the plane of rotation.

A pro;peller elemsnt will be cone:ldered., the dis‘bance of which from
the axis equals R; let dR be 1lte redial length, 'a. its width,
measured in the projection on the rotational plane. Let. the forces
exorted upon the medium by the ¢lement be A(R} 4R (in the direction
of the axis, opposed to the flight d.irection) and B(R) 4R (in the
direction of the rotabion).

It ls clear that

B . Ro
n AlR) dR = gP = P
0 - Vo _

Ry . . Ry,
n] BERRA4R = ai=M
o 0

n repregenting the nuwber of blades : Ry +the leng’bh of ‘the blede.

Lot it firset be assumed that the forces are unifomly distri'buted
over the width of the element.

In the element R 4R 4@ of the rotational plans, forces
R 40 R 46 -
A(R) @R=we= and B(R) dR~—— act on the mediun during the time
interval in which this element is covered by the proJjection of the
propeller element. If the overlapp:!gzg starts at the time ¢t =0,

will be ended et the time t =T = =, to retwn sfter t =T = "l’-‘

These periodicel forcos mey be developed in Fourier serles
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ARESR (0 <t <) = |
Fit) = N = > An b ="em) +
(%) 0.¢.(T<%t<T) ; cos(nmc‘c, “w) + Ao
B(R)E-;EGR o<t <T) 2 L
Fo(t) = aZBm cos (umat = nm) + Bg
) .0 .. (T<'b.<€{.‘)7 .m=1 .

One obtains

An = 2A(R)E sin (m:rTf) dR;d.G
(3)
50 - £5E atn () m 3

In a second erea element R dR @9, shifted with respect to
the first by the angle 6 in the rotational direction, there act
periodicel forces of the same magnitude but retarded by the time -

The corresponding Fouriler developments are

Fy (!;-c% =ZAmcos (ot - mnf = eyl + Ag
m= .

Fa 6-%) =ZBmoos (wrt - o - ny) + B,

m=1

For the first harmonics r.g%'_r_ = % is usually emall (the blade parts

lying close to the center where R 1is small sre eliminated since
they make almost no contribution to the alr forces) , and on® may equatg

() -6
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One then obtains
n
Am = 7 A(R) dR d0
(1)

By = 3 B(R) dR @9

It shell be showm now that 'bhese expressions are velld also when
the air forces asre not uniformly distributod over the blade width.
Using for instence for the distribution of thrust the relation

&
A(R) @R =f A(R) @ £(o) &
0

a : .
f f(s) ds = a
0

(s is counted from the leading edge of the 'bla.d.e), one obtains for
the Fourley ococefficisents the oxpression

T
J‘ f(e"r;b e"im'b/T as
4]

with

By = BA(R)S aR a6

For the first harmonic
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T

1T .
J £ ?)e'iem“t/T; aslst|. & %i‘) ab
0

-

0

a _
TFrom f £(s).d8 it follows that
o
. .
- at
JI f(-,;.-) dt = 7
0 -
and hence
n
Ap = ':r-tA(R) dR de

For ¢y one obtalns

-f £ %1’) sin z:m-;- at ain gm,%
0 T
€ = &rc tan — — <arc tan - = omie
L T
J’ #(2) cos enng at oos 2mity |
o ‘

7A more accurate estimation gives Ct‘or ~ < -’5‘)

T - - '
Eh 2o oL T2
‘ . f(,r> at Vcos EIMT + sinz?_m:tT

with %3 eand %p, representling certain mean values. One can name
distributions for which t; = 0 and t, = 7, but for the distributims

occurring in practice the difference between  ty end t, Is much
smaller. :
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4. THE SCUND FIELD

The point of origin of coordinates is assumed at the propeller
center, the y-axis and z~axis in the rotational plans (cf. fig. 8).
The x-axls 1s assumed to coincide with the flight direction. In the
rotational plane polar coordinates ars introduced, with the polar
angle being counted from the y-axis, in the direction of the rotation.
Let it first be assumed that the rotation, observed from the flight
direction, is counter clockwise. The forcos acting on the medium in
en element R dR 49 are (for the first harmonics) '

X = _2’. A(R)ei(mt-mne-em) 4R 4o

L]
]

B B(R) stn 6 Gi(ket-mf-mm) sp ag P (5)

i(kc'b-mne"fhn) dR ag

)
fl

£38(R) cos v e

If one assumes, for reasons of simplification, thal at the time
t = 0  the center line of one of the blades coincldes wi%ﬂ he positive

b
y-axis, em and wm will be at any rate emaller than —"i"l’ therefore
smell, at leasgt for the lower harmonics.

The velocity potential sprod.uced. by a concentrated force with
the components X, ¥, Z2 1s&

T T N N T -
s (EE DT ‘6’

8 Compare Lemb, H.: Textbook of Hydrodynemics, Teubner 1931, p. 567
A concentrated forco Feiket 4g therefore, equivalent to an acoustlo

double source of the strength

kep.
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If one inserts the sexpressions for the force components and

notes that
3 foi . e"ikz>
dx (rkj T or .(r cos 9

. -
dy r or r :
161D e
oz r - r cos

(9 X, v are the angles thet the radius vector r mekes with the exis),
one obbainy for the totel veloeity potential

in Ro 21 N . .
) f f E(R)ei(k°°'m'em) cos 4§
n=pck 0 0
=1l

+ B(R)ei(kct'mne'ﬂm)(cos X sin & - cos V cos 6)] g-ré—;— ar & (7)

Q=

The point at which the force acte is assumed to lie in the
xy - plane which can always be attained by a suitable cholce of the
systen of coordinates y,z in the rotational plane; let it further
be assumed that r»r 1g large. Then 1t follows thatb:

cos X = 8ind cosV =0

r =1 ~Rcos @ sind
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- - ~1kv
. ~ ..11;?...2 ~ -13?.._..3.' olkR sin ¥ cos 6
or \ r r ry

After substituting into equation (7) and carrying out the integration
with respect to & one obtains '

IR

Ro
qimy, oik(ct - r3)
21pC Ty

P = d.R“[A(R)e"i'em cos ¥ Jyp(XR ain 9)

0 L.

- B(R)e 1 Mig1n 9

Jin-1 (KR sin 9) + Jynqq (IR sin a)}
2

. Ro - |
_ 1y olkfoct ~ r1) [-A(R)e'iem cos 9

2npc I‘l
Yo
+ %B(R)e '“‘”El.rm(lm sin ¥} dR (8)

2n
f eiz cog Q=imp ap = enime(z);
0

J, = Bessel function of the first kind of the m™R order)

One can easlly satisfy oneself that the expression for ¢
remaing unchenged In the case of opposite direction of rotation.
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For the magnitude of the sound pressure amplitude thers resuits

Ry o
,?.—.pég - 2 [-—A(R)e emc:c.:wex-s

ot 2nr

o+ ‘;‘-—i{‘ B(B)e'i“ni] I (KR sin §) aR

If one inserts

wy = circular frequency of the fundamental toms), P is
1

R

mo 0 - ' - .

P = — -d-:—P-e lem cos § + =S M, ~inm Im (kR sin §) aR|(9)
aser ||| ar @1R® dR 3

The sound power may be qalcula.téd. according to the formula

ki1
2
W o= Eom? gin 9 ad (10)
o 2pc _ .

In order to execute in equations {(8) and (9), respectively, the
integration with respect to R, one would have to lmow the distribution
of the thrust end draz forces along the blade; it can be determined far
instance froa sorodrieamic molel tests. However, it is siill possible
to approximacely evaluate the integrals if the asrodynamfc data are
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less detailed. Since ¢p and 7y eare small and the Bessel functions

occurring in the integrand may be regarded for the first harmonics as
monotonlcally increasing with R it follows on the basis of the mean
value theorem that:

_ oy ' noM
P= S [P cos8 9 Jpp(kRy sin 8) + wlRQQJm(KRE sin a)] (11)

Ry and Rp eare certain mean values.

If the number of blades is small, ons can, for the first
hermonics, put R} and Ro about equal to the radius R, of the

circumference on which runs the point of appvlication of the resultant
thrust force of a single blade. In most cases it equals aboub
0'7 - 0l75 ROo

n " neM
P = [ cos g + ’E‘---:I TR 5in 9) (R & Re) (12)
2ner w132

This contention shell be discussed for the cage of a two-blade
propeller.

In the Integral

Ro
I i To(kR sin 9) R
o OB

one may equate

T8 sin 9) =SR2 a1nf0
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One then obtains

2 2 RO 2 Ro =ic
E s;n 2 f L te1g? oy - s;n 631_2“/', T o

0 0

%2R 2 sins
8

=P

~ PIo(kRy sin 9)

A comparison of the relaticns

Ro ‘
[, A e,
. O "
and
RO@E 5
2 = R
GRR ar PRy
shows that

Ry < By <[/ RoRe

The wpper limit 1s reached when the forces are distributed with
‘the maximum of nonuniformity, namely, concentrated at the ends of
the blade. For the distributions occurring in practice, there is only
1ittle difference between R; &and Rg.
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In the Integral

"N 9
J' B dRe Jo(IR ein 9) 4R

the factor

JZ(KR gin 9)
Re .

is in first approximation fully independent of R and one can,
therefore, substitute R = Ry; then

Fo o an o | Tp(Ry stn ) [0 gy g
T, " T]l = -g——-m = nl

M
o eI (KR sin 9
2R a(kRy )

Thus one obtains for the fundemental tone of a two-blede
propeller the following expression for the sound~pressure amplitude

2ncr

-

e b (P cosd + ?—?-pié> Jp(lR sin 9) (13)
wiR

(with R bveing slightly larser then Rg).

For the second hermonic generelly R; # Rp; however, approximately
one may agsume also in this cage

any 2cM I'
Pcaarcr(P”“TDJ‘*(m ein ) (14)

(In this case, the difference betwsen R and R, 18 larger.)



5. COMPARISON WITH THE EXPERIMENTAL RESULTS

The theoretical results are now to be compared with the experimental
date of Paris and Kemp. For this purpose, the valwes P and M for
the propeller used by these investigators must be lmown; unfortunately,
they are not given directly; however, they may be calculated approxi-
mately on the basis of other given data. Both investigators experimented
with a two-blade propeller of dlameter of 4.5 meters and a number of
revolutlons of 13.9 per second. The propeller cperated under statlc
conditions.  If one assumes that the motor developed under static
conditions ite full power.(600 hp), one obtains according to the
formula (1) ' '

P = 1690 kg

(under the assumption of 1 = 0.75, & quite p:éoba’ble value}.

For the torque ons obtains
M= 515 kgn

Using these numericsl velues, two directional characteristics
were calculated for the fundamental according to the formula (13),
corresponding to the two values R = 0.TRp and R = 0.75Rgy

{cf. £igs. 9 and 10).

For the second harmonic a directional characteristic waa
caloulated according to the formula (14) for the value R = 0.75Rg

(cf. fig. 11).

A comparison with the experimental directional characteristics
(cf. figs. 3 and 4) shows that the main charecteristics of the
oxperimental curves for the fundemental tone are well borne out by
the theory. The agresment with Paris' reswlts is particulerly good.
For the gecond harmonic the agreement with Kemp's curve (fig. 5) is
less satisfactory. _

For the sound power results, according to the formula (10) by
meens of graphical and numericel integration, the values 34 W and 30 W
for the fundemental corresponding to the values R = 0.TRy and R = 0.T75Rg,

and 6.5 W(R = 0.8Rg) end L7 W(R = 0.75Rp) for the second harmonic.
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The agreement with Kemp's experimental values (17.8 W and T.4 W)
may be regerded as satlefactory if. one takes Into coneideration, on
the one hand, the approximate character of the present calculetion
of P:.eand M, on the other, the possible experimentel errors. (In
this connection, the noticeeble quantitative discrepancy between
Kemp's and Paris' curves for the fundamental should be pointed out.)

Let it be noted that the formule (6) which forms the basis for
the calculatlion of the sound fleld was derived from the equations of
motlon for smell motions. This clrcumstance may lead to an under-
estimation of the higher harmonics. Perhaps this is the reason for
the increasing discrepancy between the theory and Kemp's experimental
values for the higher harmonics. However, a finel decision of this
problem requires further and more accurate experimental data.

Translated by Mary L. Mehler
Naticnal Advisory Committee
for Aeronautics
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P=90°

J=180° J30°
—» Flight direction

Figure 1.- Calculated directional characteristic for the fundamental,
tone of a two-blade propeller according to Lynam and Webb
(hypothesis 1).

J=90°

V=780° P=0°
—> TFlight direction

Figure 2.,- Calculated directional characteristic for the fundamental
tone of a two-blade propeller according to Liynam and Webb
(hypothesis 2).

V=90°

J=780° o=0°
— Flight direction

Figure 3.- Experimental directional characteristic for the fundamental
tone according to Paris,
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120°

60°

50°
30°

180° 9=0°
~—— Flight direction

Figure 4.- Experimental directional characteristic for the fundamental
tone according to Kemp.

v=90°
120° 60°
150° 30°
180° J=0°

— Flight direction

Figure 5.,- Experimental directional characteristic for the second
harmonic according to Kemp.
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0=90°

¥:780° P=0°
— Flight direction

Figure 6.- Calculated directional characteristic for the fundamental
tone according to Paris (combination of the two hypotheses by
Lynam and Webb).

Direction of rotation

Flight direction

Figure 7,
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J=90°
WO
/50°
60°
30°
80° J=0°

—* TFlight direction

Figure 9.~ Calculated directional characteristic for the fundamental
tone (R = 0.7R,).

120° V=90°

—* Flight direction

Figure 10.- Calculated directional characteristic for the fundamental
tone (R = O.75Ro).
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120° P=90°
,.’00 50°
Jo°
180° v=0°

—+ TFlight direction

Figure 11.- Calculated directional characteristic for the second
harmonic.



